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Abstract
We study a class of holomorphic spaces Fp,m consisting of entire functions f on Cn such that ∂αf is in
the Fock space Fp for all multi-indices α with |α|m. We prove a useful Fourier characterization, namely,
f ∈ Fp,m if and only if zαf (z) is in Fp for all α with |α| = m. We obtain duality and interpolation results
for these spaces, including the interesting fact that, for 0 < p  1, (Fp,m)∗ = F∞,m. We also characterize
Carleson measures for Fp,m in terms of simple polynomial growth conditions.
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1. Introduction
Let Cn be the complex n-space and dv be the ordinary volume measure on Cn. If z =
(z1, . . . , zn) and w = (w1, . . . ,wn) are points in Cn, we write
z · w =
n∑
j=1
zjwj , |z| = (z · z)1/2.
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that the function f (z)e− 12 |z|2 is in Lp(Cn, dv).
When 0 < p < ∞, it is clear that
L
p
g = Lp
(
C
n, e−
p
2 |z|2 dv(z)
)
.
In this case, we norm the space Lpg by
‖f ‖p =
[(
p
2π
)n ∫
Cn
∣∣f (z)e− 12 |z|2 ∣∣p dv(z)] 1p .
For p = ∞ the norm in L∞g is defined by
‖f ‖∞ = esssup
{∣∣f (z)∣∣e− 12 |z|2 : z ∈Cn}.
Strictly speaking, ‖f ‖p is not a norm when 0 < p < 1, but we believe the reader would have no
objection to our usage of the term “norm” for all 0 < p ∞.
Let Fp denote the space of entire functions in Lpg . Then F 2 is a closed subspace of the Hilbert
space L2g with inner product
〈f,g〉 = 1
πn
∫
Cn
f (z)g(z)e−|z|2 dv(z).
The orthogonal projection P : L2g → F 2 is given by
Pf (z) = 1
πn
∫
Cn
f (w)K(z,w)e−|w|2 dv(w),
where K(z,w) = ez·w is the reproducing kernel of F 2. It is well known that the Fock projection
P above is a bounded projection from Lpg onto Fp for 1 p ∞. See [12] for example.
The spaces Fp , especially F 2, have had a long history in mathematics and mathematical
physics and have been given a wide variety of appellations, including many combinations and
permutations of the names Bargmann, Fischer, Fock, and Segal. See [1–4,7,8,12–14,17]. In this
paper we are going to call them Fock spaces, for no particular reason other than personal tradi-
tion. We refer the reader to [17,19] for more recent and systematic treatment of Fock spaces.
In what follows we use the conventional multi-index notation. Thus for an n-tuple α =
(α1, . . . , αn) of non-negative integers we write
|α| = α1 + · · · + αn, α! = α1! · · ·αn!, ∂α = ∂α11 · · · ∂αnn ,
where ∂j denotes partial differentiation with respect to the j -th component. If z = (z1, . . . , zn),
then zα = zα11 · · · zαnn .
For any non-negative integer m and 0 < p ∞ we consider the space Fp,m consisting of
entire functions f on Cn such that
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∑
|α|m
∥∥∂αf ∥∥
p
< ∞,
where ‖ ‖p is the norm in Fp . Because of the similarity to the way the classical Sobolev spaces
are defined, we are going to call Fp,m Fock–Sobolev spaces. On the other hand, some readers
may find it more appropriate to call Fp,m Besov–Fock spaces. See [10,16] for other similar
Sobolev spaces.
We can now state the main results of the paper.
Theorem A. Suppose 0 < p ∞, m is a non-negative integer, and f is an entire function on Cn.
Then f ∈ Fp,m if and only if the function zαf (z) is in Fp for all multi-indices α with |α| = m.
Moreover, ‖f ‖Fp,m is comparable to the norm of the function |z|mf (z) in Lpg .
This is a useful Fourier characterization of the Fock–Sobolev spaces. It allows us to introduce
the following norm on Fp,m when 0 < p < ∞:
‖f ‖pp,m = ωn,p,m
∫
Cn
∣∣|z|mf (z)e− 12 |z|2 ∣∣p dv(w),
where
ωn,p,m =
(
p
2
)(mp/2)+n
(n − 1)!
πnΓ ((mp)/2 + n)
is a normalizing constant so that the constant function 1 has norm 1 in Fp,m. When p = ∞,
we define
‖f ‖∞,m = sup
z∈Cn
[|z|m∣∣f (z)∣∣e− 12 |z|2].
Let Lp,mg denote the space of Lebesgue measurable functions f on Cn such that the function
|z|mf (z) is in Lpg . As usual, it follows easily from the mean-value property of subharmonic
functions (see [18,19] for example) that Fp,m is a closed subspace of Lp,mg .
Theorem B. Let m be a non-negative integer.
(a) The orthogonal projection Pm : L2,mg → F 2,m is a bounded projection from Lp,mg onto Fp,m
when 1 p ∞.
(b) If 1 < p < ∞ and 1/p+1/q = 1, then the Banach dual of Fp,m can be identified with Fq,m
under the integral pairing
〈f,g〉m = ωn,2,m
∫
C
f (z)g(z)e−|z|2 |z|2m dv(z).
(c) If 0 < p  1, then the Banach dual of Fp,m can be identified with F∞,m under the integral
pairing above.
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[
Fp0,m,Fp1,m
]
θ
= Fp,m,
where p is determined by
1
p
= 1 − θ
p0
+ θ
p1
.
When m = 0, the above result (except part (c)) can be found in [12]. The more recent paper
[9] determines the exact duality and projection constants in this case.
Let 0 < p < ∞. A non-negative Borel measure μ on Cn is called a Carleson measure for
Fp,m if there exists a constant C such that∫
Cn
∣∣f (z)e− 12 |z|2 ∣∣p dμ(z) C‖f ‖pp,m (1)
for all f ∈ Fp,m. We call μ a vanishing Carleson measure for Fp,m if
lim
k→∞
∫
Cn
∣∣fk(z)e− 12 |z|2 ∣∣p dμ(z) = 0
whenever {fk} is a bounded sequence in Fp,m that converges to 0 uniformly on compact subsets
of Cn.
It was of course Carleson (see [5]) who first studied positive Borel measures μ on the unit
disk D that satisfy the condition
∫
D
∣∣f (z)∣∣p dμ(z) C
2π∫
0
∣∣f (eit)∣∣p dt
for functions f in the Hardy space Hp . The above condition is clearly equivalent to the contin-
uous inclusion of Hp in Lp(D, dμ). Carleson’s original characterization of such measures was
given geometrically as μ(Sh,t ) Ch, where
Sh,t =
{
reiθ : 1 − h < r < 1, |θ − t | < h}
are “Carleson squares” near the unit circle and C is independent of h and t . These measures were
subsequently called Carleson measures and the notion has since been extended to and studied in
many different contexts in which one is interested in the continuous or compact inclusion of
a Banach space X of analytic functions in certain Lp(dμ). See [18] for the study of Carleson
measures in the context of Bergman spaces and [11,19] in the context of ordinary Fock spaces.
The geometric characterization of Carleson measures for the spaces Fp,m is the following.
Theorem C. Suppose m is a non-negative integer, 0 < p < ∞, and r is a positive radius. Let μ
be any positive Borel measure on Cn. Then
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μ
(
B(z, r)
)
 C
(
1 + |z|)mp
for all z ∈ Cn, where B(z, r) = {w ∈ Cn: |w − z| < r} is the Euclidean ball centered at z
with radius r .
(b) μ is a vanishing Carleson measure for Fp,m if and only if
lim|z|→∞
μ(B(z, r))
(1 + |z|)mp = 0.
Throughout the paper we write X  Y or Y X for non-negative quantities X and Y when-
ever there is a constant C > 0 (independent of the parameters in X and Y ) such that X  CY .
Similarly, we write X ≈ Y if X  Y and Y X.
2. A Fourier characterization of Fock–Sobolev spaces
The purpose of this section is to prove Theorem A. More specifically, for an entire function
f and a non-negative integer m, the condition ∂αf ∈ Fp for all |α|  m is equivalent to the
condition zαf ∈ Fp for all |α| = m.
We begin with a few technical lemmas that are needed in the proof of the result mentioned
above. The first two lemmas incorporate the extra factor |z|a into various integrals.
Lemma 1. Let 0 < p < ∞, 0 < b < ∞, and 0  a < ∞. Then there is a constant C =
C(a, b) > 0 such that
∫
Cn
∣∣f (w)∣∣pe−b|w|2 dv(w) C ∫
Cn
∣∣f (w)∣∣p|wj |ae−b|w|2 dv(w) (2)
for all entire functions f on Cn and j = 1, . . . , n.
Proof. By the subharmonicity of |f (z)|p and the maximum principle, there is a positive constant
C = C(a) such that
∫
|wj |1
∣∣f (w)∣∣p dA(wj ) C
∫
|wj |1
∣∣f (w)∣∣p|wj |a dA(wj )
for all entire f and all 0 < p < ∞, where dA is the area measure on C (see [18]). Since e−b|wj |2
is both bounded above and bounded below on |wj | 1, we deduce that
∫
C
∣∣f (w)∣∣pe−b|wj |2 dA(wj ) C′
∫
C
∣∣f (w)∣∣p|wj |ae−b|wj |2 dA(wj )
for some constant C′ = C(a, b) > 0. The desired estimate then follows from iterated integra-
tion. 
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C(a, b) > 0 such that
∫
Cn
∣∣f (w)∣∣p|w|ae−b|w|2 dv(w) C ∫
|w|1
∣∣f (w)∣∣p|w|ae−b|w|2 dv(w)
for all entire functions f on Cn.
Proof. This follows easily from the subharmonicity of |f (z)|p|z|a and integration in polar coor-
dinates. 
The next lemma gives a pointwise estimate for entire functions in terms of certain Lp-
integrals. In particular, this will give us optimal pointwise estimates for functions in the
spaces Fp,m; see (4) below which is valid for all p.
Lemma 3. Let 0 < p < ∞, 0 < b < ∞, 0 < t < ∞, and 0  a < ∞. Then there is a constant
C = C(a, b, t) > 0 such that
∣∣f (z)∣∣p|z|ae−b|z|2  C ∫
|w−z|<t
∣∣f (w)∣∣p(1 + |w|)ae−b|w|2 dv(w) (3)
for all entire functions f on Cn and all z ∈Cn.
Proof. Given z ∈Cn, the subharmonicity of the function
w → ∣∣f (z + w)e−aw·z/p∣∣p
yields
∣∣f (z)∣∣p  ∫
|w|<t
∣∣f (z + w)e−2bw·z/p∣∣pe−b|w|2 dv(w)
= eb|z|2
∫
|w−z|<t
∣∣f (w)∣∣pe−b|w|2 dv(w).
Now, since |z| < t + |w| for |w − z| < t , we have
∣∣f (z)∣∣p|z|ae−b|z|2  ∫
|w−z|<t
∣∣f (w)∣∣p(t + |w|)ae−b|w|2 dv(w)

∫
|w−z|<t
∣∣f (w)∣∣p(1 + |w|)ae−b|w|2 dv(w),
where the suppressed constants depend only on a, b, and t . 
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example. It follows from this and the definition of Fp,m (in terms of partial derivatives) that
Fp,m ⊂ Fq,m whenever 0 < p  q ∞. If Theorem A had already been proved, the following
lemma would have been automatic, at least in the case when a is a positive integer m, as it would
simply be stating that Fp,m ⊂ F 1,m for 0 < p < 1. But we are still in the process of proving
Theorem A, and this Minkowski-like estimate is the key to our subsequent analysis in the case
0 < p < 1.
Lemma 4. Let 0 < p  1, a  0, and b > 0. There exists a constant C = C(a, b,p) > 0 such
that [∫
Cn
∣∣f (z)|z|ae−b|z|2 ∣∣dv(z)]p  C ∫
Cn
∣∣f (z)|z|ae−b|z|2 ∣∣p dv(z)
for all entire functions f on Cn.
Proof. By Lemma 3,
∣∣f (z)|z|ae−b|z|2 ∣∣ C[∫
Cn
∣∣f (w)(1 + |w|)ae−b|w|2 ∣∣p dv(w)]1/p.
Since (1 + |w|)pa  C(1 + |w|pa), it follows from Lemma 1 that
∣∣f (z)|z|ae−b|z|2 ∣∣ C′[∫
Cn
∣∣f (w)|w|ae−b|w|2 ∣∣p dv(w)]1/p. (4)
The desired inequality then follows easily by writing
∣∣f (z)|z|ae−b|z|2 ∣∣= ∣∣f (z)|z|ae−b|z|2 ∣∣p∣∣f (z)|z|ae−b|z|2 ∣∣1−p
and estimating the factor |f (z)|z|ae−b|z|2 |1−p using (4). 
Proposition 5. Suppose 0 < p ∞, α is a multi-index of non-negative integers, and f is an
entire function on Cn. If the function zαf (z) is in Fp , then so is ∂αf . Moreover, there exists a
positive constant C = C(p,α) such that ‖∂αf ‖p  C‖zαf ‖p for all f .
Proof. If the function wαf (w) is in Fp , then by repeated use of Lemma 1 we have f ∈ Fp , so
that
f (z) = 1
πn
∫
Cn
ez·wf (w)e−|w|2 dv(w), z ∈Cn.
Note that the formula above holds when p = 2 because of the reproducing property of the kernel
function ez·w . For other values of p, this follows from standard pointwise estimates and a limit
argument. In fact, the case p  1 was discussed in [12], and the case 0 < p < 2 follows from the
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obtain
∂αf (z) = 1
πn
∫
Cn
ez·wwαf (w)e−|w|2 dv(w). (5)
The convergence of the integrals above follows from standard pointwise estimates for functions
in Fock spaces.
We rewrite (5) as ∂αf = Pg, where g(z) = zαf (z). Since g ∈ Lpg and P is a bounded pro-
jection of Lpg onto Fp for 1 p ∞, the desired result is clear when 1 p ∞. Moreover, if
the sharp bound for P calculated in [9] is used here, we can obtain a quantitative estimate for the
constant C in the proposition.
When 0 < p < 1, we note from (5) that
∣∣∂αf (z)∣∣ 1
πn
∫
Cn
∣∣wαf (w)ez·w∣∣e−|w|2 dv(w).
By Lemma 4, there exists a positive constant C, independent of f and z, such that
∣∣∂αf (z)∣∣p  C ∫
Cn
∣∣wαf (w)ez·we−|w|2 ∣∣p dv(w).
It follows from this and Fubini’s theorem that we can estimate the integral
I =
∫
Cn
∣∣∂αf (z)e− 12 |z|2 ∣∣p dv(z)
as follows:
I 
∫
Cn
e−
p
2 |z|2 dv(z)
∫
Cn
∣∣wαf (w)∣∣pe−p|w|2 ∣∣ez·w∣∣p dv(w)
=
∫
Cn
∣∣wαf (w)∣∣pe−p|w|2 dv(w)∫
Cn
∣∣e p2 w·z∣∣2e− p2 |z|2 dv(z)
≈
∫
Cn
∣∣wαf (w)e− 12 |w|2 ∣∣p dv(w).
This shows that ∂αf ∈ Fp and completes the proof of the proposition. 
Corollary 6. Let 0 < p ∞ and m be a non-negative integer. Then there is a constant C =
C(m) > 0 such that ∑
|α|m
∥∥∂αf ∥∥
p
 C
∥∥|z|mf ∥∥
p
for all entire functions f on Cn.
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We have now finished the proof of one half of Theorem A. To prove the other half, we will
need more detailed information about the reproducing kernel of F 2,m. To this end, we introduce
a class of radial differential operators acting on entire functions.
Thus for an entire function f we let
f (z) =
∞∑
k=0
fk(z)
be its homogeneous expansion, where fk is a homogeneous polynomial of degree k (the collec-
tion of terms of degree k in the Taylor expansion of f ). For any non-negative integer m, we define
a differential operator Dm as follows:
Dmf (z) =
∞∑
k=0
(n + k + m − 1)!
(n + k − 1)! fk(z). (6)
The operator Dm is clearly invertible with its inverse given by
Dmf (z) =
∞∑
k=0
(n + k − 1)!
(n + k + m − 1)!fk(z). (7)
Let
hm(λ) =
∞∑
k=0
(n + k − 1)!
(n + k + m − 1)!
λk
k! =
dn−1
dλn−1
[ ∞∑
k=0
λn−1+k
(n + k + m − 1)!
]
.
Note that
∞∑
k=0
λn−1+k
(n + k + m − 1)! =
∞∑
k=n+m−1
λk−m
k! =
eλ − qn+m−1(λ)
λm
,
where q0 = 0 and qk is the Taylor polynomial of eλ of order k − 1 for k  1. For k  1 we have
d
dλ
[
eλ − qk(λ)
]= eλ − qk−1(λ).
It follows that there are constants ck (with cm = 1) such that
hm(λ) =
m+n−1∑
k=m
ck
eλ − qk(λ)
λk
. (8)
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eλ − qk(λ)
λk
=
∞∑
	=0
λ	
(k + 	)! =
1
(k − 1)!
1∫
0
(1 − t)k−1etλ dt. (9)
Recall from the study of circular domains in Cn that the radial derivative R is defined by
Rf (z) =
n∑
j=1
zj
∂f
∂zj
(z).
In terms of the homogeneous expansion of f , we have
Rf (z) =
∞∑
k=1
kfk(z).
In the context of Fock spaces, the operator R is often called the Euler operator, which is the
infinitesimal generator of dilations.
The following calculations show that the operator Dm is an m-th degree polynomial of R with
constant coefficients:
Dmf (z) =
∞∑
k=0
(n + k) · · · (n + k + m − 1)fk(z)
=
∞∑
k=0
(
km + cn,0km−1 + · · · + cn,m
)
fk(z)
= (Rm + cn,0Rm−1 + · · · + cn,m)f (z),
where cn,j are positive integers. It follows that
(
1 + |z|)−m∣∣Dmf (z)∣∣ (1 + |z|)−m(|z|m + · · · + |z| + 1) ∑
|α|m
∣∣∂αf (z)∣∣

∑
|α|m
∣∣∂αf (z)∣∣ (10)
for all entire functions f on Cn.
Lemma 7. Let m be a non-negative integer. Then DmK(z,w) = hm(z ·w), where K(z,w) is the
reproducing kernel of F 2 and Dm is taken with respect to z.
Proof. Direct calculation from the definition shows that
DmK(z,w) =
∞∑ (n + k − 1)!
(n + k + m − 1)!
(z · w)k
k! = hm(z · w). 
k=0
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Proposition 8. Let m be a non-negative integer. Then we have
∣∣DmK(z,w)∣∣ e
1
2 |z|2+ 12 |w|2− 18 |z−w|2
(1 + |z||w|)m , z,w ∈C
n.
Proof. The case Reλ = Re(z · w) 1 follows from (9). In fact,
∣∣hm(λ)∣∣ m+n−1∑
k=m
1∫
0
(1 − t)k−1et(Reλ) dt  1.
For the case Reλ = Re(z · w)  1, we write Re(z · w) = |z||w| cos θ , where θ is the angle
between z and w identified as real vectors in R2n, and δ = cos−1( 14 ). If |θ | δ, then∣∣Re(z · w)∣∣≈ |z · w| ≈ 1 + |z||w|.
By (8), we have
∣∣hm(λ)∣∣ |eλ||λ|m  e
Re(z·w)
(1 + |z||w|)m 
e
1
2 |z|2+ 12 |w|2− 18 |z−w|2
(1 + |z||w|)m .
If δ < θ  π2 , then
Reλ = Re(z · w) = |z||w| cos θ < 1
4
|z||w|.
By (8), we have
∣∣hm(λ)∣∣ |eλ||λ|m  e
Re(z·w)
|λ|m 
e
1
4 |z||w|
|λ|m =
e
1
2 |z||w|
(1 + |z||w|)m
(1 + |z||w|)m
e
1
4 |z||w||λ|m
 e
1
2 |z||w|
(1 + |z||w|)m 
e
1
2 |z|2+ 12 |w|2− 18 |z−w|2
(1 + |z||w|)m .
This completes the proof of the proposition. 
Lemma 9. Suppose 1 p ∞ and L(z,w) is an integral kernel satisfying the condition
∣∣L(z,w)∣∣ Ce 12 |z|2+ 12 |w|2− 18 |z−w|2 , z,w ∈Cn.
Then the integral operator T induced by L(z,w),
T h(z) =
∫
Cn
h(w)L(z,w)e−|w|2 dv(w),
is bounded on Lpg .
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‖T h‖1  C‖h‖1
∫
Cn
e−
1
8 |z−w|2 dv(w) = (8π)nC‖h‖1
and
‖T h‖∞  C‖h‖∞
∫
Cn
e−
1
8 |z−w|2 dv(w) = (8π)nC‖h‖∞.
The result then follows from the Stein–Weiss interpolation theorem in [15]. 
We now prove the converse of Proposition 5.
Proposition 10. Suppose 0 < p ∞ and m is a non-negative integer. Then there is a constant
C > 0 such that
∥∥|z|mf ∥∥
p
 C
∑
|α|m
∥∥∂αf ∥∥
p
for all f ∈ Fp,m.
Proof. By (10), it is enough to prove that
∥∥|z|mf ∥∥
p
 C
∥∥(1 + |z|)−mDmf ∥∥
p
.
From the reproducing formula for Dmf we obtain
f (z) =DmDmf (z) = 1
πn
∫
Cn
Dmf (w)DmK(z,w)e−|w|2 dv(w).
Note that commuting Dm with the integral follows from term-by-term expansion of the kernel
function and the uniform convergence on compact sets. This together with Lemma 2 shows
that
|z|m∣∣f (z)∣∣ |z|m ∫
|w|1
∣∣Dmf (w)DmK(z,w)e−|w|2 ∣∣dv(w)
=
∫
Cn
(
1 + |w|)−m∣∣Dmf (w)∣∣∣∣L(z,w)∣∣e−|w|2 dv(w),
where
L(z,w) = |z|m(1 + |w|)mχ|w|1(w)DmK(z,w).
H.R. Cho, K. Zhu / Journal of Functional Analysis 263 (2012) 2483–2506 2495It is easy to see from Lemma 8 that
∣∣L(z,w)∣∣ e 12 |z|2+ 12 |w|2− 18 |z−w|2 .
So the desired result follows from Lemma 9 when 1 p ∞.
When 0 < p < 1, it follows from Lemma 4, Lemma 2, and Lemma 7 that
∣∣f (z)∣∣p  ∣∣∣∣
∫
Cn
Dmf (w)DmK(z,w)e−|w|2 dv(w)
∣∣∣∣
p

∫
|w|1
∣∣Dmf (w)DmK(z,w)e−|w|2 ∣∣p dv(w)

∫
|w|1
∣∣Dmf (w)∣∣p e p2 |z|2− p2 |w|2− p8 |z−w|2
(1 + |z|)mp(1 + |w|)mp dv(w).
Fubini’s theorem shows that the integral
I =
∫
|z|1
∣∣|z|mf (z)e− 12 |z|2 ∣∣p dv(z)
satisfies the following estimates:
I 
∫
|w|1
(
1 + |w|)−mp∣∣Dmf (w)∣∣pe− p2 |w|2 dv(w) ∫
|z|1
e−
p
8 |z−w|2 dv(z)

∫
|w|1
∣∣(1 + |w|)−mDmf (w)e− 12 |w|2 ∣∣p dv(w).
Another application of Lemma 2 then proves the desired result. 
Combining Propositions 5 and 10, we have proved the following theorem, the main result of
this section.
Theorem 11. Suppose 0 < p ∞, m is a non-negative integer, and f is an entire function
on Cn. Then f ∈ Fp,m if and only if every function zαf (z) is in Fp , where |α| = m. Moreover,
there is a positive constant C such that
C−1
∥∥|z|mf ∥∥
p

∑
|α|m
∥∥∂αf ∥∥
p
 C
∥∥|z|mf ∥∥
p
for all f ∈ Fp,m.
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There are several ways of defining inner products that induce equivalent norms on F 2,m. For
example, the inner product
(f, g) →
∑
|α|m
〈
∂αf, ∂αg
〉 (11)
is quite natural. However, it is difficult for us to calculate the reproducing kernel of F 2,m using
the natural inner product in (11). To get a better handle on the reproducing kernel, we are going
to use the following inner product on F 2,m:
〈f,g〉m = ωn,2,m
∫
Cn
f (z)g(z)|z|2me−|z|2 dv(z). (12)
By Lemma 3, there exists a positive constant C, independent of f and z, such that
∣∣f (z)∣∣ C‖f ‖2,m e
1
2 |z|2
(1 + |z|)m
for all f ∈ F 2,m and z ∈Cn. This shows that each point evaluation is a bounded linear functional
on F 2,m. Consequently, each z ∈Cn gives rise to a function Kmz ∈ F 2,m such that
f (z) = 〈f,Kmz 〉m, f ∈ F 2,m.
As is well known, we have
Km(z,w) := Kmz (w) =
∑
α
eα(z)eα(w), (13)
where {eα} is any orthonormal basis for F 2,m. Note that monomials are mutually orthogonal, so
the normalized monomials { zα‖zα‖2,m } form an orthonormal basis for F 2,m.
An exact formula for the reproducing kernel Km(z,w) was obtained in [6]. For the reader’s
convenience, we include the formula and its proof here.
Theorem 12. Let m be a non-negative integer. Then
Km(z,w) = (n + m − 1)!
(n − 1)! DmK(z,w)
for z,w ∈Cn.
Proof. An elementary computation yields
∥∥zα∥∥22,m = (n − 1)!α!(n − 1 + m + |α|)!(n + m − 1)!(n − 1 + |α|)!
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eα(z) =
√
(n + m − 1)!(n − 1 + |α|)!
(n − 1)!α!(n − 1 + m + |α|)!z
α.
Given z,w ∈Cn, some manipulations with the help of (13) yield
Km(z,w) = (n + m − 1)!
(n − 1)! hm(z · w) =
(n + m − 1)!
(n − 1)! DmK(z,w). 
Corollary 13. Let m be a non-negative integer. Then
∣∣Km(z,w)∣∣ e
1
2 |z|2+ 12 |w|2− 18 |z−w|2
(1 + |z||w|)m , z,w ∈C
n.
Corollary 14. Let m be a non-negative integer and 0 < p ∞. Then Km(·,w) ∈ Fp,m for each
w ∈Cn and there is a constant C > 0 such that
∥∥Km(·,w)∥∥p,m  Ce
1
2 |w|2
|w|m , w ∈C
n.
Since F 2,m is a closed subspace of the Hilbert space L2,mg , there is an orthogonal projection
Pm : L2,mg → F 2,m, and the projection is given by
Pmf (z) = ωn,2,m
∫
Cn
f (w)Km(z,w)|w|2me−|w|2 dv(w).
Proposition 15. For each 1 p ∞ and non-negative integer m the reproducing operator Pm
is bounded from Lp,mg onto Fp,m.
Proof. We have
|z|m∣∣Pmf (z)∣∣
∫
Cn
|w|m∣∣f (w)∣∣∣∣Lm(z,w)∣∣e−|w|2 dv(w),
where Lm(z,w) = |z|m|w|mKm(z,w). By Corollary 13,
∣∣Lm(z,w)∣∣ (1 + |z||w|)m∣∣Km(z,w)∣∣ e 12 |z|2+ 12 |w|2− 18 |z−w|2 .
The desired result then follows from Lemma 9 and Theorem 11. 
Theorem 16. Suppose 1 < p < ∞ and 1/p+ 1/q = 1. Then (Fp,m)∗, the Banach dual of Fp,m,
can be identified with Fq,m under the integral pairing in (12).
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pairing in (12) follows from Hölder’s inequality.
On the other hand, if F is a bounded linear functional on Fp,m, then according to the Hahn–
Banach extension theorem, F can be extended (without increasing its norm) to a bounded linear
functional on Lp,mg . By the usual duality of Lp,mg spaces, there exists some h ∈ Lq,mg such that
F(f ) = 〈f,h〉m for all f ∈ Fp,m. By Proposition 15, Pm is a bounded projection from Lp,mg
onto Fp,m. So if we let g = Pm(h), then g ∈ Fp,m and
F(f ) = 〈f,h〉m =
〈
Pm(f ),h
〉
m
= 〈f,Pm(h)〉m = 〈f,g〉m
for all f ∈ Fp,m. This completes the proof of the theorem. 
A similar result also holds for 0 < p  1. To prove it, we require the following density lemma
whose proof in the p  1 case is usually given as a consequence of standard duality theorems.
Lemma 17. Let S be the set of all finite linear combinations of kernel functions, namely, functions
of the form
f (z) =
N∑
k=1
ckKm(z, zk).
Then S is dense in Fp,m for any 0 < p < ∞.
Proof. This result was proved in [19] in the case n = 1 and m = 0. The proof for our more
general case here is the same and we sketch the main steps here. More specifically, for any pos-
itive parameter t we consider the weighted Gaussian measure e−t |z|2 dv(z), the associated Fock
spaces Fpt , and the corresponding Fock–Sobolev spaces F
p,m
t . The reproducing kernel for F 2t
is Kt(z,w) = etz·w , and the reproducing kernel for F 2,mt is given by Km,t (z,w) = hm(tz · w),
where hm is the function from Lemma 7.
As was in the case n = 1 and m = 0, we can find a positive constant C and a positive pa-
rameter t such that ‖f ‖p,m  C‖f ‖2,m,t for all entire functions f . Now if g is any polynomial
and
f (z) =
N∑
k=1
ckKm(z, zk),
then
‖g − f ‖p,m  C
∥∥∥∥∥g −
N∑
k=1
ckKm(·, zk)
∥∥∥∥∥
2,m,t
= C
∥∥∥∥∥g −
N∑
ckKm,t (·, zk/t)
∥∥∥∥∥ .
k=1 2,m,t
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kernel functions Km,t (z,w) is obviously dense in the Hilbert space F 2,mt , we conclude that every
function in Fp,m can be approximated in norm by elements of S. 
We can now prove the duality theorem for Fp,m when 0 < p  1.
Theorem 18. Suppose 0 < p  1 and m is a non-negative integer. Then the dual space of Fp,m
can be identified with F∞,m under the integral pairing in (12).
Proof. First suppose that g ∈ F∞,m and
F(f ) = ωn,2,m
∫
Cn
f (z)g(z)e−|z|2 |z|2m dv(z), f ∈ Fp,m.
Then
∣∣F(f )∣∣ ‖g‖∞,m
∫
Cn
|z|m∣∣f (z)e−|z|2/2∣∣dv(z),
and an application of Lemma 4 yields
∣∣F(f )∣∣ C‖g‖∞,m‖f ‖p,m, f ∈ Fp,m,
where C is a positive constant independent of f . This shows that F defines a bounded linear
functional on Fp,m.
Conversely, suppose that F is a bounded linear functional on Fp,m. We consider the function g
defined on Cn by
g(w) = F (Km(·,w)).
From Corollary 14 we see that Km(·,w) is in Fp,m, so g is well defined. The function g is also
entire on Cn. In fact, a direct computation using the appropriate version of Hölder’s inequality
shows that the power series expansion
Km(z,w) =
∞∑
k=0
ek(z)ek(w),
where each ek is a monomial, converges in the norm topology of Fp,m whenever w is restricted
to a compact subset of the complex plane. Thus
g(w) =
∞∑
k=0
F(ek)ek(w),
where the series converges uniformly on compacta, which clearly shows that g is holomorphic
in w.
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|w|m∣∣g(w)∣∣ ‖F‖[ ∫
Cn
∣∣|z|m|w|m∣∣Km(z,w)∣∣e 12 |z|2 ∣∣p dv(z)
]1/p
 ‖F‖
[ ∫
Cn
e
2
p
|w|2
e−
p
8 |z−w|2 dv(z)
]1/p
 e 12 |w|2‖F‖.
This show that g ∈ F∞,m and ‖g‖∞,m  ‖F‖.
Fix any ζ ∈ Cn and consider the function f (z) = Km(z, ζ ) in Fp,m. Using the reproducing
property of the reproducing kernel Km(z,w), we have
〈f,g〉m = ωn,2,m
∫
Cn
Km(w, ζ )F
(
Km(·,w)
)
e−|w|2 dv(w)
= F (Km(·, ζ ))= F(f ).
It follows that F(f ) = 〈f,g〉m for all functions f of the form
f (z) =
N∑
k=1
ckKm(z, ζk).
The proof of the theorem is now complete in view of Lemma 17. 
It is well known that the family of spaces Lp,mg interpolates in the usual way:
[
L
p0,m
g ,L
p1,m
g
]
θ
= Lp,mg ,
where 1 p0 < p1 ∞, θ ∈ (0,1), and
1
p
= 1 − θ
p0
+ θ
p1
.
See [15,19] for example.
Theorem 19. Suppose 1 p0 < p1 ∞, θ ∈ (0,1), and
1
p
= 1 − θ
p0
+ θ
p1
.
Then [Fp0,m,Fp1,m]θ , the complex interpolation space between Fp0,m and Fp1,m, can be iden-
tified with Fp,m.
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fact that each Fpk,m is a closed subspace of Lpk,mg , and the fact that [Lp0,mg ,Lp1,mg ]θ = Lp,mg .
Conversely, if f ∈ Fp,m ⊂ Lp,mg , then it follows from the fact that
[
L
p0,m
g ,L
p1,m
g
]
θ
= Lp,mg
that there exists a function F(z,w), where z ∈Cn and 0 Re(w) 1, and a positive constant C,
such that
(a) F(z, θ) = f (z) for all z ∈Cn.
(b) ‖F(·,w)‖p0,m  C for all Re(w) = 0.
(c) ‖F(·,w)‖p1,m  C for all Re(w) = 1.
Let G(z,w) = PmF(z,w), where the projection Pm is applied with respect to the variable z.
Then for any fixed w the function G(z,w) is entire in z, and the boundedness of the projection
Pm on L
pk,m
g shows that there is another positive constant C such that
(a) G(z, θ) = f (z) for all z ∈Cn.
(b) ‖G(·,w)‖p0,m  C for all Re(w) = 0.
(c) ‖G(·,w)‖p0,m  C for all Re(w) = 1.
This shows that f ∈ [Fp0,m,Fp1,m]θ , and completes the proof of the theorem. 
Note that we have only proved the interpolation identities with equivalent norms. Exactly how
these norms compare is not known.
4. Carleson measures
In this section we characterize positive Borel measures on Cn that satisfy the Carleson-type
condition introduced in Section 1.
Lemma 20. Let 0 < p < ∞ and 0 a < ∞. Then we have∫
Cn
∣∣ez·w∣∣p(1 + |w|)ae− p2 |w|2 dv(w) (1 + |z|)ae p2 |z|2 .
Proof. For any z,w ∈Cn we have
1 + |w|
1 + |z|  1 + |z − w|.
It follows that ∫
Cn
∣∣ez·w∣∣p(1 + |w|)ae− p2 |w|2 dv(w)
=
∫
n
e−
p
2 |z|2+p Re(z·w)− p2 |w|2(1 + |w|)ae p2 |z|2 dv(w)C
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∫
Cn
e−
p
2 |z−w|2(1 + |w|)a dv(w)

(
1 + |z|)ae p2 |z|2 ∫
Cn
e−
p
2 |z−w|2(1 + |z − w|)a dv(w)

(
1 + |z|)ae p2 |z|2 . 
Theorem 21. Suppose 0 < p < ∞, m is a non-negative integer, and r is a positive radius. Then
the following two conditions are equivalent for any positive Borel measure μ on Cn.
(a) μ is a Carleson measure for Fp,m.
(b) There exists a positive constant C such that
μ
(
B(z, r)
)
 C
(
1 + |z|)mp (14)
for all z ∈Cn.
Proof. First assume that μ is a Carleson measure for Fp,m. Taking f = 1 in (1) shows that
μ(S) < ∞ for any compact set S.
Fix any a ∈Cn and let f (z) = ez·a in (1). By Lemma 20, there exists another constant C > 0,
independent of a, such that∫
Cn
∣∣ez·ae− 12 |z|2 ∣∣p dμ(z) C(1 + |a|)mpe p2 |a|2 .
In particular, ∫
|z−a|<r
∣∣ez·a∣∣pe− p2 |z|2 dμ(z) C(1 + |a|)mpe p2 |a|2
for all a ∈Cn. Completing a square in the exponent, we can rewrite the inequality above as∫
|z−a|<r
e−
p
2 |z−a|2 dμ(z) C
(
1 + |a|)mp,
from which we deduce that
μ
(
B(a, r)
)
 Ce
p
2 r
2(
1 + |a|)mp
for all a ∈Cn. This shows that condition (a) implies condition (b).
Next we assume that there exists a constant C > 0 such that (14) holds for all z ∈Cn. We pro-
ceed to estimate the integral
I (f ) =
∫
Cn
∣∣f (z)e− 12 |z|2 ∣∣p dμ(z)
for any function f ∈ Fp,m.
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Qρ =
{
z = (z1, . . . , zn): zj = xj + iyj , 0 < xj  ρ, 0 < yj  ρ, j = 1, . . . , n
}
.
Let Z denote the set of all integers and consider the lattice
Z2nρ =
{
(	1ρ + ik1ρ, . . . , 	nρ + iknρ): 	j ∈ Z, kj ∈ Z, j = 1, . . . , n
}
.
It is clear that
C
n =
⋃{
Qρ + a: a ∈ Z2nρ
}
is a decomposition of Cn into disjoint rectangles of side length ρ. Thus
I (f ) =
∑
a∈Z2nρ
∫
Qρ+a
∣∣f (z)e− 12 |z|2 ∣∣p dμ(z).
We fix positive numbers ρ and t such that t + √2nρ = r . By (3), there exists a constant C
such that
∣∣f (z)∣∣pe− p2 |z|2  C ∫
|w−z|<t
∣∣f (w)e− 12 |w|2 ∣∣p dv(w)
for all z ∈Cn. From this we easily deduce that
∣∣f (z)e− 12 |z|2 ∣∣p  C
(1 + |z|)mp
∫
|w−z|<t
∣∣(1 + |w|)mf (w)e− 12 |w|2 ∣∣p dv(w)
for all z ∈ Cn, where C is another positive constant. Now if z ∈ Qρ + a, where a ∈ Z2nρ , then
B(z, t) ⊂ B(a, r) by the triangle inequality, and 1 + |z| is comparable to 1 + |a|. It follows that
∣∣f (z)e− 12 |z|2 ∣∣p  C
(1 + |a|)mp
∫
|w−a|<r
∣∣(1 + |w|)mf (w)e− 12 |w|2 ∣∣p dv(w),
where C is another positive constant. Therefore,
I (f ) C
∑
a∈Z2nρ
μ(B(a, r))
(1 + |a|)mp
∫
B(a,r)
∣∣(1 + |w|)mf (w)e− 12 |w|2 ∣∣p dv(w).
Combining this with the assumption in (14), we find another positive constant C such that
I (f ) C
∑
a∈Z2n
∫ ∣∣(1 + |w|)mf (w)e− 12 |w|2 ∣∣p dv(w).
ρ B(a,r)
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of the balls B(a, r), where a ∈ Z2nρ . It follows that
I (f ) CN
∫
Cn
∣∣(1 + |w|)mf (w)e− 12 |w|2 ∣∣p dv(w).
Since C and N are independent of f , this and (2) show that condition (b) implies condi-
tion (a). 
A similar characterization of vanishing Carleson measures for Fp,m holds.
Theorem 22. Suppose 0 < p < ∞, m is a non-negative integer, r is a positive radius, and μ is a
positive Borel measure on Cn. Then the following are equivalent:
(a) μ is a vanishing Carleson measure for Fp,m.
(b) μ(B(a, r))/(1 + |a|)mp → 0 as |a| → ∞.
Proof. Suppose μ is a Carleson measure for Fp,m and satisfies condition (b). Let {fj } be a
sequence in Fp,m such that ‖fj‖p,m < M for some constant M and all j , and {fj (z)} converges
to 0 uniformly on every compact subset of Cn. We proceed to show that
I (fj ) :=
∫
Cn
∣∣fj (z)e− 12 |z|2 ∣∣p dμ(z) → 0
as j → ∞.
Let ε > 0 be given. We choose a sufficiently large R > 0 so that μ(B(z, r)) < (1 + |z|)mpε
whenever |z| > R/2. Since fj → 0 uniformly on compact sets, there exists j0 such that
∫
|z|<R
∣∣fj (z)e− 12 |z|2 ∣∣p dμ(z) < ε, j > j0.
We denote by {ak} a rearrangement of the lattice set Z2nρ such that |ak|R/2 for 1 k < k0 and
|ak| > R/2 for k  k0, where ρ is any fixed positive number. In particular, {Qρ + ak: k  k0} is
a covering of {z: |z| > R}. If j > j0, then
I (fj ) =
∫
|z|<R
∣∣fj (z)e− 12 |z|2 ∣∣p dμ(z) +
∫
|z|>R
∣∣fj (z)e− 12 |z|2 ∣∣p dμ(z)
 ε +
∞∑
k=k0
∫
Q +a
∣∣fj (z)e− 12 |z|2 ∣∣p dμ(z)
ρ k
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∞∑
k=k0
μ(B(ak, r))
(1 + |ak|)mp
∫
B(ak,r)
∣∣(1 + |w|)mfj (w)e− 12 |w|2 ∣∣p dv(w)
 ε + Cε
∞∑
k=k0
∫
B(ak,r)
∣∣(1 + |w|)mfj (w)e− 12 |w|2 ∣∣p dv(w).
From the local finiteness of the covering {B(ak, r)}, there exists a positive integer N such that
∞∑
k=k0
∫
B(ak,r)
∣∣(1 + |w|)mfj (w)e− 12 |w|2 ∣∣p dv(w)N‖fj‖pp,m NMp.
Therefore, we have I (fj ) ε + εCNMp whenever j > j0. Since ε is arbitrary, this shows that
I (fj ) → 0 as j → ∞.
For the converse, consider the functions
fa(w) = e
w·a− 12 |a|2
(1 + |a|)m , a ∈C
n, w ∈Cn.
By Lemma 20, there is a positive constant C such that ‖fa‖p,m  C for all a ∈ Cn. It is clear
that fa(w) → 0 as |a| → ∞ and the convergence is uniform on compact subsets of Cn. If μ is a
vanishing Carleson measure for Fp,m, then
lim|a|→∞
∫
Cn
∣∣fa(z)e− 12 |z|2 ∣∣p dμ(z) = 0.
In particular,
lim|a|→∞
∫
B(a,r)
∣∣fa(z)e− 12 |z|2 ∣∣p dμ(z) = 0,
which can be rewritten as
lim|a|→∞
1
(1 + |a|)mp
∫
B(a,r)
e−
1
2 |z−a|2 dμ(z) = 0.
Since
μ
(
B(a, r)
)
 er2/2
∫
B(a,r)
e−
1
2 |z−a|2 dμ(z),
and the constant er2/2 is independent of a, we have μ(B(a, r))/(1+|a|)mp → 0 as |a| → ∞. 
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